In this work, we introduce some new results on the Lyapunov inequality, uniqueness and multiplicity results of nontrivial solutions of the nonlinear fractional Sturm-Liouville problems
Introduction
On the one hand, since a Lyapunov-type inequality has found many applications in the study of various properties of solutions of differential equations, such as oscillation theory, disconjugacy and eigenvalues problems, there have been many extensions and generalizations as well as improvements in this field, e.g., to nonlinear second order equations, to delay differential equations, to higher order differential equations, to difference equations and to differential and difference systems. We refer the readers to [-] (integer order). Fractional differential equations have gained considerable popularity and importance due to their numerous applications in many fields of science and engineering including physics, population dynamics, chemical technology, biotechnology, aerodynamics, electrodynamics of complex medium, polymer rheology, control of dynamical systems. With the rapid development of the theory of fractional differential equation, there are many papers which are concerned with the Lyapunov type inequality for a certain fractional order differential equations, see [-] The relations between the linear Caputo fractional differential equations and the corresponding linear Hammerstein integral equations are studied, which shows that suitable Lipschitz type conditions are needed when one studies the nonlinear Caputo fractional differential equations. Motivated by these excellent works, in this paper we focus on the representation of the Lyapunov type inequality and the existence of solutions for a certain fractional order Sturm-Liouville problem
where α, β, γ , δ are constants satisfying  = |βγ + αγ
In addition, some existence results are given for the problem
where λ ≥  is a parameter, f : 
Then T has a fixed point in
 ∩ K \  ∩ K . The same conclusion remains valid if (A) holds on ∂(  ∩ K) and (B) holds on ∂(  ∩ K).
Preliminaries
has a unique solution u(t) in the form
where
Proof From Definitions ., . and Lemma ., it follows that
Furthermore, we have
Combining the boundary conditions, we directly get
Finally, substituting c  and c  , we obtain
+∞). The Green function G(t, s) satisfies the following properties:
(i) G(t, s) ≥  for  ≤ t, s ≤ ; (ii) For  ≤ t, s ≤ , there exists C(t) >  such that G(t,
s) satisfies the inequalities

C(t)G(s, s) ≤ G(t, s)
and
The maximum value estimate of G(t, s)
Proof (i) On the one hand, since α, β, γ , δ > , and βγ + αγ
On the other hand, for  ≤ s ≤ t ≤ , we can verify the following inequalities:
Then it is easy to obtain
It is clear that
From the above discussion, we get the conclusions
and G(, s) ≤ G(t, s) ≤ G(t  , s).
Furthermore, we obtain the estimate 
the following so-called Lyapunov type inequality will be satisfied:
where G is defined in (iii) of Lemma ..
Proof From Lemma . and the triangular inequality, we get 
Theorem . (Generalized Lyapunov type inequality) Assume that α, β, γ , δ > , p(·) : [, ] → (, +∞), and let (t) : [, ] → R be a nontrivial Lebesgue integrable function, f (u) is a positive function on R. Then, for any nontrivial solution of the fractional SturmLiouville problem (.), the following so-called Lyapunov type inequality will be satisfied:
Proof From the similar proof of Theorem ., we get
G(t, s) (s) f u(s) ds.
Since f is continuous and concave, then using Jensen"s inequality (.), we obtain
G(t, s) (s) f u(s) ds
For convenience, we give some notations:
Theorem . Let (t) : [, ] → R + be a nontrivial Lebesgue integrable function and f : R → R be a continuous function satisfying the Lipschitz condition
f (x) -f (y) ≤ L|x -y|, ∀x, y ∈ R, L > .
Then problem (.) has a unique solution if L < .
Proof By Lemma ., the solution of problem (.) is equivalent to a fixed point of the operator
G(t, s) (s)f u(s) ds
= t  G(t, s) (s)f u(s) ds +  t
For any x, y ∈ E, we have
Since L < , from the Banach's contraction mapping principle it follows that there exists a unique fixed point for the operator T which corresponds to the unique solution for problem (.). This completes the proof. for
which implies that |
∂G(t,s) ∂t
| is bounded for  ≤ s, t ≤ , namely, there exists S >  such that |
Hence, for any t  , t  ∈ [, ], we have
This means that T is equicontinuous on [,]. Thus, by the Arzelà-Ascoli theorem, the operator T is completely continuous. Finally, let B r = {u ∈ E : u < r} with r = K + . If u is a solution for the given problem, then, for λ ∈ (, ), we obtain
which yields a contradiction. Therefore, by Lemma ., the operator T has a fixed point in E.
Theorem . Let (t) : [, ] → R + be a nontrivial Lebesgue integrable function and f :
R + → R + be a continuous function satisfying (F). In addition, the following assumption holds: (F) There exists a positive constant r  such that
Then problem (.) has at least one solution.
Proof Define a cone P of the Banach space E as P = {u ∈ E : u ≥ }. From the proof of Theorem ., we know that T : P → P is completely continuous. Set P r i = {u ∈ P : u < r i }.
Choosing r  > K . Then, for u ∈ ∂P r  , we have
Then, by Lemma ., problem (.) has at least one positive solution u(t) belonging to E such that r  ≤ u ≤ r  .
Theorem . Let (t) : [, ] → R + be a nontrivial Lebesgue integrable function, f : R → R be a continuous function and satisfy the following assumptions:
(F) There exists a nondecreasing function ϕ :
(F) There exists a constant R >  such that
Proof From the proof of Theorem ., we know that T is completely continuous. Now we show that (ii) of Lemma . does not hold. If u is a solution of (.), then, for λ ∈ (, ), we obtain
Let B R = {u ∈ E : u < R}. From the above inequality and (F), it yields a contradiction. Therefore, by Lemma ., the operator T has a fixed point in B R .
Theorem . Let (t) : [, ] → R + be a nontrivial Lebesgue integrable function and f : [, ] × R + → R + be a continuous function. Suppose that (F) and (F) hold. In addition, the following assumption holds:
(F) There exists a positive constant r with r < R and a function ψ :
If ς < , then (.) has at least one positive solution u(t).
Proof Let B r = {u ∈ E : u < r}. Part (I). For any u ∈ ∂(B R ∩ P), from (F) and (F) it follows that
which implies that (A) of Lemma . holds. Now we prove that u = T(u) + μ for u ∈ ∂(B ς r ∩ P) and μ > . On the contrary, if there exists u  ∈ ∂(B ς r ∩ P) and μ  >  such that u  = T(u  ) + μ  , then, for t ∈ [θ ,  -θ ], one has
Furthermore, we get
which yields a contradiction. So (B) of Lemma . holds.
Therefore, Lemma . guarantees that T has at least one fixed point. 
Then problem (.) has at least two solutions.
Proof From Lemma ., we can derive the following inequalities:
Combining the two inequalities, we have
T u(t) ≥ C(t)η T u(t) .
Define a subcone P of the Banach space E as P = {u ∈ E : u ≥ C(t)η u(t) }. From the standard process, we know that T : P → P is completely continuous. Set P r = {u ∈ P : u < r}.
In a similar way, we choose R > K . Then, for u ∈ ∂ P R , we have
For any u ∈ ∂P R , choosing t * ∈ (θ ,  -θ ), it is easy to verify that u(t * ) ∈ [ϑR, R]. Furthermore, we have
Then by Lemma ., problem (.) has at least two positive solutions r ≤ u  (t) ≤ R and R ≤ u  (t) ≤ R.
Example  Let us consider the problem
Since |f (u)| = | arctan u| < π , this problem has a solution by Theorem .. If (t) satisfies
It is easy to get that
Therefore, this problem has a unique solution by Theorem ..
Example  Let us consider the problem
Since f (u) = e -u  ≤ , we can choose r  = + . Then it is clear that
which implies that (F) holds. Finally, for any r > , we have f (u) ≥ e -r  for u ∈ [, r]. 
Conclusion
In this manuscript, the authors prove some new existence results as well as uniqueness and multiplicity results on fractional boundary value problems.
